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Abstract. Code generation is a leading approach to exploit domain- or
hardware-specific knowledge. However, it faces an efficiency-modularity
dilemma when generated programs must be filtered by a program ana-
lyzer. Simply composing a generator with an analyzer leads to an inef-
ficient meta-program, while hand-weaving an analyzer into a generator
suffers from poor modularity. In this research, we propose a recipe for
modular implementation of the generate-analyze process without heavy
performance penalty. Our key idea is to apply Shortcut Fusion to meta-
programs. Shortcut fusion transforms a composed program of a producer
and a consumer of data structures such as lists into a one-pass program.
We apply it to a composed meta-program of a code generator and an-
alyzer, to obtain a one-pass meta-program that does not generate code
as intermediate data. We introduce four novel fusion rules, relaxing the
premise of fusion transformation to widen their applicability in the con-
text of metaprogramming. To validate our proposal, we conducted an
experiment on the Number-Theoretic Transform, which has been heavily
used in cryptography. Our recipe allows a fully modular implementation
of a generator and an analyzer that efficiently tests various optimiza-
tions, by which, as a by-product, we discovered a highly efficient code
with 50% fewer low-level reductions than the code in previous studies.

Keywords: Metaprogramming - Shortcut Fusion - Number-Theoretic
Transform - Program Analysis.

1 Introduction

Multi-stage programming is a technique that generates highly efficient code
by performing optimizations for individual problems based on domain-specific
knowledge [11], and has been adopted in various fields including Parsing [30],
Stream Processing [12], Automatic Differentiation [29] and Cryptography [15,27].

As multi-stage programming has expanded its application domains, post-
analyzing generated code becomes increasingly important. To rule out deficient
code, program analyzers and verification tools are frequently post-applied, lead-
ing to a performance problem when the size of generated code is huge, or
the generate-analyze process needs to be performed repeatedly. For instance,
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Fig. 1. Overview of fusion in the context of metaprogramming

in the Number-Theoretic Transform (NTT), maximizing performance critically
depends on aggressively eliminating costly modular reductions'. However, elim-
inating too many reductions incurs runtime errors such as integer overflows. To
safely balance this trade-off, interval analysis is used to filter out incorrect pro-
grams. Crucially, because the potential combinations for eliminating the modular
reductions suffer from a combinatorial explosion, finding the optimal implemen-
tation requires executing the generate-analyze process repeatedly over unrolled
code spanning tens of thousands of lines — which makes it highly inefficient to
post-apply analyses to the fully generated code.

An alternative approach is to hand-weave the program analyzers into the code
generators to avoid generating intermediate programs, which, however, suffers
from poor modularity. In the case of NTT, some studies manually embed interval
analysis into code generators [15,27], resulting in multiple analyses specialized to
individual optimizations. This approach presents obvious shortcomings: not only
is the work tedious and error-prone, but also the number of manual implemen-
tations scales according to the rule of product. Eventually, the poor modularity
makes it laborious to verify domain-specific optimizations.

In this paper, we address this efficiency-modularity dilemma. Specifically,
we propose a recipe for systematically implementing such generate-analyze pro-
cesses, and provide an optimization technique to improve the performance of
the whole process. We build our solution upon Shortcut Fusion?, a technique
that has long been used in data processing but, to the best of our knowledge,
has never been systematically investigated in the context of metaprogramming.
Specifically, given two independently defined meta-programs — a code producer
f and a consumer g — we transform the composition g o f into an equivalent
meta-program h, eliminating the intermediate code produced by f and resulting
in a one-pass recursive process. In the special case where f is a code generator
and g is a code analyzer, as shown in Figure 1, the transformation yields a process
— called “Gen-Analyzer” throughout this paper — that takes the code genera-

! Modular reduction refers to the operation computing a mod ¢, which is unrelated to
module systems or modularity in programming languages.
2 Throughout this paper, the term fusion refers specifically to shortcut fusion.
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tor’s parameters and directly returns the analysis result of the object program
to be generated, completely bypassing the code generation phase.

Applying the fusion theory to metaprogramming needs non-trivial extensions.
Firstly, the fusion theory should handle data structures capable of preserving
variable bindings correctly (known as hygiene), as managing binders manually is
notoriously tricky and error-prone. Secondly, the new fusion theory must accom-
modate a wide range of metaprogramming operations, which are more complex
than those typically found in traditional fusion theory, such as list summation.
We summarize our contribution as follows.

— We propose a novel, modular approach to the generate-analyze process within
the programs-as-data model.

— We provide a theoretical foundation for the fusion transformation to the
programs-as-data model, thereby enabling its efficient optimization.

— As a case study of our methodology, we implement a generate-analyze process
for Number-Theoretic Transform and show the performance improvements.

The rest of this paper is organized as follows. We review the traditional
fusion theory by a simple example and explain the challenges that emerge when
applying it to metaprogramming in Section 2. We give our solution for each
challenge in Section 3. We validate our solution by a case study in Section 4. We
discuss related work in Section 5 and conclude this paper in Section 6.

2 Background and Motivation

2.1 Traditional Fusion Theory

Shortcut fusion is a program transformation that has been extensively inves-
tigated for decades [7-9, 20, 26]. It converts the composition of two recursive
functions, the first being a producer of a data structure and the second its con-
sumer, into a single recursive function.

As an example, consider the task of summing up the odd elements in a given
integer list. A functional programmer divides the task into the selection of odd
elements (filter0dd) and the summation of the resulting elements (sum), then
composes them:

sum0dd = sum o filter0dd (1)

This program is easy to implement, yet has a performance problem in that it
would create a possibly huge list, then immediately consumes it. Shortcut fusion
can convert the composed function into a single recursive function that does not
generate intermediate data.

We use Haskell-like syntax in concrete examples. We need three steps to
apply the shortcut fusion transformation to the above equation (1). Firstly, we
represent the inductive data type list as follows:

data ListF a x = Nil | Cons a x
newtype Fix f = In { out :: f (Fix f) }
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where the “shape” of the data structure is represented as a functor, and the
recursive data structure is represented as its fixed point (i.e, Fix (ListF a)).

Secondly, we implement the operations to be fused in terms of recursive
schemes [31]. In this example, we implement sum and filter0dd in terms of
fold as follows.

sum :: Fix (ListF Int) -> Int
sum = fold(y) where ¢ Nil = 0; ¢ (Cons a b) = a + b

filter0dd :: Fix (ListF Int) -> Fix (ListF Int)
filter0dd = fold(7 In) where

7 :: Vx. (ListF Int x -> x) -> ListF Int x -> x

7 ¢ Nil = ¢ Nil

7 @ (Cons a b) | odd a = ¢ (Cons a b) | otherwise = Db

Finally, we apply fusion rules to transform the composed functions in (1) into
an equivalent recursive function.

sum o filterOdd
= {Unfolding the definition}

fold(p) o fold(T In) (2)
= {Applying the fusion rule for folds [26]}

fold(r ¢)

In the last equation above, two folds are converted into a single fold, where
the recursive data structure (i.e., Fix (ListF Int)) created by filter0dd is
eliminated. By inlining the result of fusion, we get a familiar, one-pass definition.

sum0dd’ (In Nil) = 0
sum0dd’ (In (Cons a b))
| odd a = a + sum0dd’ b | otherwise = sumOdd’ b

This example demonstrates how shortcut fusion allows developers to have
their cake and eat it: the source program is composed of decoupled components,
enjoying high modularity, and the transformed program is indistinguishable from
hand-optimized code.

2.2 The Gaps between Fusion Theory and Metaprogramming

Despite its success in data processing, the traditional fusion technique has not
been applied to meta-programs — namely, programs that produce and consume
other programs. We identify the following three problems that arise when ap-
plying existing fusion theory to meta-programs. We will show our solutions to
these problems in Section 3.

Absence of Scope Information Managing variable bindings poses a signif-
icant challenge for traditional fusion theory that targets recursive functions on
data types such as trees. Representing object programs by trees and variables
by their names results in a subtle problem due to the absence of scope infor-
mation. For each name binding, the scope information indicates the region of
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a program in which the name binding is valid. Neglecting scope information in
metaprogramming incurs the name capturing problem [14], which is notoriously
elusive. This necessitates a program representation both capable of maintaining
scope information and compatible with the fusion transformation.

Opacity of Subexpressions Existing fusion rules require that the recursive
functions to be fused must be given by recursion schemes that cannot analyze the
substructures of recursive data, making them opaque. We call it the “opacity of
subexpressions” problem, which poses a significant restriction on meta-programs.
In equation (2), the premise of applying the fusion rule is that filter0dd is
defined in a special form fold(r In), where 7 is required to be a polymorphic
function:

7 :: Vx. (ListF Int x -> x) -> ListF Int x -> x

Due to parametricity [28], filter0dd cannot analyze the value of b in Cons a b.

Although sufficient for most data processing [8], this opacity constraint is
overly restrictive for meta-programs, which often need to analyze subexpressions.
For instance, a meta-program may optimize the expression a 4+ b to a under the
condition b = 0, which requires the analysis of b. This limitation calls for new
fusion rules tailored to metaprogramming.

Integration of Computational Effects Computational effects play an in-
dispensable role in advanced code generation but complicate the fusion theory.
The typical examples of code generation relying on computational effects in-
volve mutable state for assertion insertion [13] and delimited continuation for
let-insertion [10], which performs non-local code generation to generate highly
efficient code. However, the presence of unrestricted computational effects obvi-
ously contradicts fusion, which shuffles the evaluation order, thereby breaking
the equivalence of the transformation. Consequently, special care must be taken
to safely accommodate such effectful metaprogramming within a fusion theory.

3 Fusion for Metaprogramming

In this section, we first present our solutions to the three problems discussed in
the previous section. Subsequently, we propose a recipe for applying fusion to
meta-programs consisting of a code generator and analyzer. Finally, we validate
its applicability by conducting a case study in Section 4.

3.1 Hygienic Representation of Programs

As a solution to the first problem, we incorporate Parametric Higher-Order Ab-
stract Syntax [4] into the data structures to enable hygienic metaprogramming.

Traditional fusion theory is based on regular data types [9,26] defined by
functors 3 (i.e., type constructors in type theory) constructed from identities,

3 Throughout this paper, functors refer to endofunctors on CPO, the category of
pointed complete partial orders with continuous functions.
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constants, products (x), and sums (+). Such a functor F has a solution to
the recursive equation X = FX, called the fized point of F [26]. We denote
it by pF, and the morphisms into and out of uF by inp : FuF — uF and
outp : uF — F uF (cf. Fix in Section 2.1). Many recursive data types, including
lists and trees, can be modeled as the fixed points of such functors.

However, as explained in Section 2.2, they are insufficient to model programs,
due to the lack of scope information. To represent variable bindings in data
structures, we add a new functor

Fa(X) = [A - X] (3)

as an elementary component to construct data types, where A is a fixed object
and [A — X] is the set of continuous functions from A to X in the category
CPO. For example, the terms of untyped lambda calculus can be modeled as
follows:

data ULC v x = Var v | Lam (v -> x) | App x X

where we use the new elementary functor in Lam (v -> x) to model variable
bindings. The fixed point of the functor ULC v models the recursive data struc-
ture of terms. In this definition, the variables in the object language coincide with
variables in the meta-language, i.e., Haskell in this research. Consequently, the
scope of variables in the object language is automatically maintained according
to the lexical scope in Haskell.

Note that the functor parameter X cannot appear in A in equation (3). This
is crucial for further development of fusion theory. It is sufficient to express scope
information and guarantees the covariance of the newly introduced functor [18],
thereby enabling fusable operations to be well-defined.

3.2 Fusion Rules for Pure Meta-Programs

As a solution to the second problem, we introduce two novel fusion rules that
extend the traditional fusion rules. They remove the opacity constraint on subex-
pressions inherent in the traditional rules.

Similar to traditional fusion theory, our fusion rules handle the composition
of functions producing or consuming recursive data structures in fixed recursion
patterns. Two well-known patterns of recursive functions are fold and unfold [17].
Given a functor F and a function ¢ : FB — B, there exists a unique function
fold(yp) : uF — B called fold or catamorphism (cf. sum and filterOdd in
Section 2.1). Dually, given a function ¢ : A — F A, there exists a unique function
unfold(y)) : A — uF called unfold or anamorphism. Our fusion rules target
functions of a pattern called hylomorphism, which generalizes both fold and
unfold to capture a wide spectrum of recursive functions [26].

Definition 1 (Hylomorphism [26]). Given types A and B, functors Fi and
Fy, and functions ¢ : FoB — B, n : VX. F1X — FoX and ¢ : A — F1A4, a
hylomorphism is a function [¢,n,¢¥]r, r, defined as follows.

H@a"%w]]FmFl :A— B

[[SO’ 7, 1/’]]F2,F1 = ﬁX(Af worno Flf o 7/))
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Hylomorphisms generalize catamorphisms and anamorphisms: fold(y) by
[¢,id, outp]p r and unfold(¢y) by [ing,id,¢]r r, where F is the underlying
functor for those morphisms. In Definition 1, the second parameter 7 is a natural
transformation between F1 and Fs. It allows functions that are both catamorphic
and anamorphic to be neutrally represented by [ing,,n, outr, |r, r, [26].

Theorem 1 presents our novel fusion rule that transforms the composition of
a lifted catamorphism and a hylomorphism. It is defined as an inference rule,
where the conclusion (below the horizontal line) holds if the premise (above the
line) is satisfied.

Theorem 1 (Cata-HyloFusionF). Given functors G and F;(i = 1,2,3,4),

Gle,n2, 0ute,r, F, o [7 inr,, m1, Y]r, F, = [7(@ 0 m2), 11, YR, F,

Intuitively, given a composition of two functions, if the left one is a lifted cata-
morphism and the right one is in the form of [7 ing,, 71, ¥]r, F, where 7 is a
polymorphic function, then we can transform it into one hylomorphism.

To understand Theorem 1, we compare it with the existing fusion rule, known
as the Acid Rain Theorem [26], shown below.

T:VX. (F3X - X) > Fo X - X
[[50777270UtF3ﬂF47F3 o [[T inFsﬂnla 1/1]]F2,F1 = [[T((P o 772)777171/)]]1'72,171 (4)

As can be seen, the difference lies in the presence of functor G in our rule.

Acid Rain Theorem [26]: 7:VX. (F3X — X) — F2X — X
Theorem 1: 7:VX. (F3X — X) = F3(GX) - GX

Our fusion rule generalizes it by relaxing the requirement of fusion rules (above
the lines in the inference rules), where we allow an additional functor G in the
type of 7 to define a fusable hylomorphism. Our rule is consistent with that in
the Acid Rain Theorem when G in Theorem 1 is taken as the identity functor.

To understand the effect of G, recall filter0dd introduced in Section 2.1,
which is defined as f01d(7 In) and can be fused by the fusion rule in equation (4).
As 7 is polymorphic:

T :: Vx. (ListF Int x -> x) -> ListF Int x -> x

one has no knowledge on the sub-list when defining filter0dd. By contrast, our

fusion in Theorem 1 allows 7 to have type:

T :: Vx. (ListF Int x —> x) —-> ListF Int (G x) —> (G x)

where one can convey additional information via the functor G around nodes.
As another example, consider the following arithmetic language that consists

of literals and additions, and assume that we intend to optimize the terms by,
e.g., transforming a + 0 to a.

data ExprF x = ELit Int | EAdd x x
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To apply the traditional fusion rule to such an optimization, it must be defined
in the form fold(m In), where

T :: Vx. (ExprF x -> x) -> ExprF x -> x

71 ¢ (EAdd a b) = ...

However, it is impossible, as subexpressions a and b are of type x, which is
universally qualified, meaning that we have no knowledge (or no assumption) on
them. On the other hand, the new fusion rule allows it to be defined as follows:
data ZeroTest x = Unknown x | IsZero

Ty :: Vx. (ExprF x -> x) -> ExprF (ZeroTest x) -> (ZeroTest x)

75 ¢ (ELit 0) = IsZero

Ty ¢ (EAdd a IsZero) = a
Ty ¢ (EAdd (Unknown a) (Unknown b)) = Unknown (¢ (EAdd a b))...

where we use a functor ZeroTest to collect and propagate information through-
out terms. fold(7s In) can be fused with other functions by our fusion rule (as
the second hylomorphism in the composition in Theorem 1), where ZeroTest
corresponds to the newly introduced functor G. We will give more practical
instances of the functor G in Section 4.

Dually, there exists a fusion rule for compositions of a hylomorphism and
a lifted anamorphism in traditional fusion theory [26]. We generalize it in the
same manner as explained above in Theorem 2.

Theorem 2 (Hylo-AnaFusionF). Given functors G and F;(i =1,2,3,4),
o VX, (X = F2X) = GX — F3(GX)
[, n2, 0 outp, [r, 7y o G[ing,, 71, Y]r, 7 = [, 02, 0 (11 0 )], s

This is the dual of Theorem 1. While Theorem 1 allows us to propagate
information while consuming data structure, Theorem 2 allows us to propagate
information while producing data structure. As we will show in Section 4.2,
anamorphism naturally expresses loop unrolling, and can be fused by this fusion
rule. We prove Theorem 1 in Appendix, and Theorem 2 can be proved similarly.

3.3 Coping with Effects

As a solution to the third problem, we incorporate computational effects into
our theory through modeling effects by monads and modeling effectful meta-
programs by monadic hylomorphisms. Previous work [21,22] developed several
fusion rules capable of fusing monadic hylomorphisms composed with a pure
catamorphism or anamorphism. Building upon these studies, we propose two
new fusion rules.

Definition 2 (Monadic Hylomorphism [22]). Given a monad M defined by
a Kleisli triple M,na,—*) [19], a functor F, and functions ¢ : FB — MB,
distM : VX. F(MX) — M(FX) and ¢ : A — M(FA), a monadic hylomorphism
[, VI is defined as follows.

[o, ¢]% : A— MB
[o, 15 = fix(Af. ¢* o (disty o Ff)* o)
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The return types of ¢, 1, and the monadic hylomorphism itself are wrapped by
a monad M, meaning that they are morphisms in the Kleisli category and thus
can perform computations with an effect modeled by M in their body.
Previous researchers proposed fusion rules for (1) the composition of a pure
catamorphism with a monadic hylomorphism, and (2) the composition of a
monadic hylomorphism with a pure anamorphism [21,22], mirroring the behav-
ior of traditional fusion rules [26]. We generalize their fusion rules in the same
manner as described in Section 3.2, allowing a functor G to propagate additional
information throughout terms. Given a monad M, functors G and F;(i = 1,2, 3):

Theorem 3 (Cata-HyloFusionFM).
7 VX, (FoX — X) — F1(GX) — M(GX)
M(G[[(p7 , OUtFQ]]F37F2) © [[T iana 11[}]]11;‘/[1 = HT(W © n)a rd}]]llé‘/[l

Theorem 4 (Hylo-AnaFusionFM).

o VX, (X = F2X) = GX — M(F3(GX))
[[(P7 g Outh]]EM;; o G[[inFZ’ m, ’(/}]]FZ;FI = [[(pv 0(77 © w)]]EM;;

Theorem 3 enables the fusion of the composition of a lifted, pure catamor-
phism with a monadic hylomorphism. As the catamorphism is pure, the change
in evaluation order due to fusion does not affect the result. In the context of
metaprogramming, the monadic hylomorphism corresponds to advanced code
generators that generate high-quality code relying on effects, and the pure cata-
morphism implements a local optimization (such as partial evaluation) or an
analysis (such as abstract interpretation). Moreover, the information propaga-
tion in Section 3.2 is also available here thanks to the presence of G. Theorem 4
handles the dual. These theorems can be proved similarly as Theorem 1.

In Section 4.2, as a case study, we will demonstrate a practical code generator
that relies on computational effect, and fuse the effectful code generator with a
post-analysis by the fusion rules. Although omitted in this paper, we also realized
as monadic hylomorphism the staged monadic combinator for memoization [25],
which solves the code duplication problems when staging algorithms such as
sparse matrix-vector multiplication and dynamic programming algorithms (gen-
eralized Fibonacci function, matrix-chain multiplication and the Floyd-Warshall
algorithm). However, applying fusion transformations to these instances requires
some non-trivial extensions to our fusion rules, which we leave as a future work.

3.4 Metaprogramming via Fusion

Based on our theory developed in the previous sections, we propose a recipe for
implementing meta-programs capable of fusion as follows:

— Model the syntax of the object language as a functor (Section 3.1).
— Implement the meta-program based on
e its recursion pattern (fold or unfold),
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e ability to define it as a polymorphic function as required by the fusion
rules, and
e whether it relies on computational effects.
— Compose the meta-programs together, and rearrange them in accordance
with the fusion rules.

We then apply this recipe to a concrete case study in the next section.

4 Case Study: Lazy Reduction in NTT

In this section, we demonstrate how the recipe described in Section 3 facilitates
the optimization for Number-Theoretic Transform (NTT). Our approach is mod-
ular; in that the optimization consists of several independent components, and
efficient, since the chain of components is transformed into a single Gen-Analyzer
of hand-optimized quality, without overhead caused by intermediate results*. We
show that fusion improves the execution time of the optimization by a factor of
2.15. Moreover, the modularity without heavy performance penalty enables us
to explore more optimization opportunities. As a by-product, we found a new
NTT implementation that has 50% fewer Barrett Reductions compared to the
best previous study [27].

We first review NTT and the lazy reduction in Section 4.1. Subsequently, we
explain our optimization in Section 4.2. In Section 4.3, we present another NTT
implementation inspired by the result of Section 4.2, and show how to reuse the
components to verify such an ad hoc optimization.

4.1 NTT and Lazy Reduction

let u = Afi1];

let ¢ = (Afi2] x Q[i3]) mod g;
Ali1] < (u+t) mod g;

Afiz] + (u —t) mod g;

Fig. 2. The body of the innermost loop in NTT

NTT is a variant of Fast Fourier Transform (FFT) specialized to a field Z/qZ
(integers modulo ¢), where ¢ is a prime number. As NTT is heavily used in a
certain class of algorithms®, even a slight improvement in performance can be
valuable [15,27].

The standard NTT algorithm consists of three for-loops, and Figure 2 shows
the body of the innermost loop, where A is the array to be manipulated, i; and i,
are indices of the array, and Qi3] is a pre-computed constant [5]. In NTT, each

* The source code is available online: https://github.com/dzangfan/RemMvF.
5 Several post-quantum cryptographic algorithms [1,24] are based on the Ring Learn-
ing with Errors problem, which uses NTT for polynomial multiplication.
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Fig. 3. Overview of our search algorithm

arithmetic operation such as addition must be followed by an expensive modular
reduction that, given x, returns y where x = y mod ¢q. They are the primary
target for an optimization called lazy reduction; we elide modular reductions by
utilizing the fact that data represented by fixed-width integers can be greater
than ¢ as long as it does not exceed the maximum integer. This optimization leads
to significant performance improvement [1,15,27]. Nevertheless, overly aggressive
elimination triggers integer overflows, violating the soundness of optimization.
What further complicates things is that the modular reductions above are of-
ten implemented as low-level operations that are highly specialized for q. For ex-
ample, when ¢ = 12289 and array cells are 16-bit unsigned integers, the modular
reductions for u +¢ and u —t above are implemented as Barrett Reductions [27]:

uint16_t bred(uinti6_t x) {
uint32_t u = ((uint32_t)x * 5) >> 16;
return x - (uint16_t)(u * q);

3

which returns a 14-bit unsigned integer equal to x modulo ¢ (12289). It is much
more efficient than the naive modular reduction, but does not guarantee that
the result falls within the interval [0, ¢). Such optimizations interact with lazy
reduction and make the correctness of optimization far from trivial.

Consequently, not only is purely theoretical reasoning laborious and error-
prone, but every subsequent ad hoc optimization also requires a complete re-
evaluation of the correctness. To facilitate such optimization and verification,
we propose an approach to mechanically search for efficient and reliable lazy
reduction in the next section.

4.2 Search for Efficient and Reliable Lazy Reduction

Figure 3 shows the overview of our search algorithm. We generate NTT programs
in which modular reductions are aggressively eliminated, and verify the gener-
ated program by an interval analysis to rule out unsafe programs. We repeat this
process until we obtain an efficient and safe result. The strategy of lazy reduction
is controlled by 6,,, which will be explained later. The optimization is divided
into four separate components defined in folds and unfolds, and we will eventu-
ally transform the composition of them into a one-pass Gen-Analyzer by fusion
rules proposed in Section 3, with all intermediate data structures eliminated.
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We will now explain the four components of our search algorithm in Figure 3:
index-unrolling, modular-reduction insertion, low-level compilation, and interval
analysis. Throughout the case study, we assume that the size of the input array
n = 1024 and the modulus ¢ = 12289, known as the NEWHOPE protocol [1], and
the elements of the array are 16-bit unsigned integers. Our approach can also be
applied to other advanced protocols like CRYSTALS-Kyber [2].

Index-Unrolling (unfold) As we need to generate straight-line programs to
avoid side-channel attack, the first component fully unrolls the three for-loops in
NTT. Instead of generating the sequence of computations (Figure 2) directly, we
represent it as a sequence of triples (s, k, j), where s, k and j are the indices of the
three for-loops used in the body. We pass the sequence to the next component
to generate NTT code. Concretely, this component receives the initial values of
the indices and yields the indices for each iteration of the innermost loop.

unrolling (1,0,0) = [(1,0,0),(1,2,0), (1,4,0), (1,6,0), (1,8,0),...]

This can be naturally expressed by unfold.

unrolling :: (Int, Int, Int) -> Fix (ListF (Int, Int, Int))
unrolling = unfold(y;) where
¢1 (S: k, J)
| s<=logon & k <=n -18&& j<=m/2-10
= Cons (s, k, j) (s, k, j + 1)
| s <=loggn & k <=n - 1 =1¢; (s, k +m, 0) O
| s <= logyn =¢Y; (s +1, 0, 0) ©
| otherwise = Nil
where m = 2°

where n is the size of the input array. We borrow the definition of ListF from
Section 2.1; unfold(t;) denotes an anamorphism, which is a special case of
hylomorphism, as explained in Section 3.2. The four branches of ¥; mean to
step the innermost loop (@), to start a new iteration of the middle loop (@), to
start a new iteration of the outer-most loop (@), and to halt, respectively.

Modular-Reduction Insertion (monadic fold) We instantiate the param-
eters i1, io and i3 in Figure 2 with concrete values computed from each triple
(s,k,7) in the sequence to obtain a concrete NTT code.

let u = A[k + j]; where
(5.5 ) s let t = (A[k + j +m/2] x Qo+ 5]) mod g; e
0 Al + 5]+ u+t; el

Alk+j4+m/2] < u—t; (5)

Unlike the standard implementation [5], we omit all but a few modular reductions
in the additions (@) and subtractions (®). We will insert modular reductions
into some of those operations in this component, and reject unsafe code by an
analysis in subsequent components.

To narrow down the intractably large search space ( candidates), we
use the following strategy to identify the critical operations for inserting modular

910,240
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reductions. As ¢ is always in [0,¢), and u — ¢t will be eventually compiled to
u + g — t to prevent underflow, the value of each cell Afi] increases relative to u
by a maximum of ¢ for each update in A[i] < u + ¢t and A[i] + u — ¢t without
modular reduction. This observation allows us to estimate the value of each cell
by the number of times it is updated. Take u + t for example:

— If w = A[i] is updated 4 times, u + ¢t < 5q = 61445 < UINT16_MAX = 65535
holds, indicating that integer overflows do not occur.

— If uw = A[i] is updated 5 times, u + ¢t < 6¢ = 73734 > UINT16_MAX holds,
indicating that integer overflows may occur.

Based on this estimation, we insert modular reductions into @ and & to im-
plement lazy reduction. A conservative strategy is to always insert a modular
reduction when A[i] has been updated 4 times. However, since cells in different
positions follow different updating patterns, integer overflows do not occur even
when we allow some suitable cells to be updated 5 times. We realize the capa-
bility of A[i] to be updated as a threshold 6 : {0,1,...,1023} — {4,5}. Given a
set of indices X C {0,1,...,1023}, where A[i] (i € X) is supposedly capable of
updating 5 times without modular reduction, we define the threshold as follows.

0(i)=5 ifieX and 0(i) =4 otherwise

We implement the modular-reduction insertion as a monadic hylomorphism,
in which we use PHOAS to manage the variable bindings (v and t), and a reader
monad to trace the number of times each array cell is updated during code
generation. The data structure for the generated high-level code is as follows.

data HiCode v x
= HiLit Int | HiVar v | HiRead Int | HiWrite Int x x
| HiMul x x | HiAdd x x | HiSub x x | HiMod x
| HiSkip | Hilet x (v -> x)

It is worth noting that HiCode is defined in PHOAS style: let u = M; N cor-
responds to HiLet M (\u -> N), by which newly introduced variables are au-
tomatically distinguished from others. The sketch of the modular-reduction in-
sertion is as follows, where we count the number of updating for each array cell
by a function of type Int -> Int, and insert modular reductions (HiMod) when
the number is about to exceed the threshold (6(i) < count + 1).

type M = Reader (Int -> Int)
insertion :: Fix (ListF (Int, Int, Int)) -> M (Fix (HiCode v))
insertion = [rg In,returno out]" where
Ty :: Vx. (HiCode v x -> x) -> ListF (Int, Int, Int) x -> M x
T2 ¢ (Cons (s, k, j) x) = do
count <- asks ($ k+ j)
if § (k+ j) >= count + 1 then
return ...p (HiWrite (k+ j) (p HiAdd...) $
¢ (HiWrite (k+ j+m/2) (¢ HiSub...) x))
else
return ... (HiWrite (k+ j) (¢ (HiMod (¢ HiAdd...))) $
¢ (HiWrite (k+j+m/2) (¢ (HiMod (¢ HiSub...))) x))
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The update of the counting function, i.e., the increase after skipping modular
reductions and reset after applying modular reductions, is performed by a sepa-
rate function dist! : VX. L(MX) — M(LX), where L = ListF (Int, Int, Int)
(cf. Definition 2). We omit further implementation details here.

Low-Level Compilation (fold) As explained in Section 4.1, modular reduc-
tions in the generated code are then compiled to low-level operations specialized
to specific moduli. We follow previous studies [15,27):

— Implementing modular reductions in a X b mod q by Montgomery Reduction.
— Implementing those in a + b mod ¢ and a — b mod ¢ by Barrett Reduction.

While the translation is straightforward, implementing it as a fusable hylomor-
phism presents a technical challenge: we need to translate modular reductions
(HiMod) based on the arithmetic type of their operand. As detailed in Section 3.2,
such a subexpression-sensitive translation is intractable under traditional fusion
rules, but readily handled by ours. Specifically, we use the following functor to
distinguish the underlying arithmetic types of modular reductions:

data ModShp x = UNK x | MUL x | ADD x | SUB x

where UNK means unknown type, and others respectively denote multiplication,
addition and subtraction. We then translate the high-level modular reductions
to low-level operations as follows, where LoCode is the data structure of low-level
code:

compilation :: Fix (HiCode v) -> ModShp (Fix (LoCode v))
compilation = fold(ry In) where
Tg :: Vx. (LoCode v x -> x) -> HiCode v (ModShp x) -> ModShp x

in which the arithmetic types are recorded in each operations (HiMul, HiAdd and
HiSub) and utilized in the translation of modular reduction:

73 ¢ (HiMod (MUL x)) = ...(Montgomery Reduction)...
T3 @ (HiMod (ADD x | SUB x)) = ...(Barrett Reduction)...

Interval Analysis (fold) We use an interval analysis to detect potential integer
overflows in the generated code after lazy reduction and low-level compilation. It
differs from the standard interval analysis [6] in that (1) it reports the index of the
array cell at which integer overflow occurred, which will be used in the search
algorithm (explained below), and (2) it must be combined with a customized
code analyzer for some low-level modular reductions® [15]. We implement this
analysis as fold(p,):

@y :: LoCode Integer IA -> IA

5 This is necessary because the state-of-the-art code analyzer does not take into ac-
count a tricky use of bit-level operations used in implementing modular reductions.
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where IA is an action that, when executed, yields the analysis result. We omit
the implementation details here.

Search Algorithm Built upon these components, we perform an iterative
search to find a threshold 6* that generates an efficient and reliable NTT im-
plementation, as shown in Figure 3. One iteration takes a threshold 6,, used in
modular-reduction insertion, and returns the index of the array cell that may
cause an integer overflow, if any, reported by the interval analysis. We start from
the most aggressive threshold, fy(z) = 5, find the array cell Afig] that may cause
an integer overflow, and decrease its threshold: 6, = 6y[ig — 4]. We repeat this
process until finding a threshold 6* that does not cause integer overflows.

Accelerating the Search via Fusion The search algorithm built from the
direct composition of the four components above is inefficient, because not only is
the intermediate code massive (tens of thousands of lines), but also the generate-
analyze process is performed repeatedly, which amplifies the overhead.

Applying fusion rules proposed in Section 3, we can transform the compo-
sition of the four components above into a one-pass Gen-Analyzer as follows,
eliminating all intermediately generated programs.

fmap(fmap(fold(p,))) o fmap(fold(s In)) o [72 In,return o out]" o unfold(¢;)

= {Law of functor: fmap f o fmap g = fmap(f o g)}
fmap(fmap(fold(p,)) o fold(rs In)) o [72 In,return o out]" o unfold(v;)
= {Cata-HyloFusionF (Theorem 1)}
fmap(fold(rs ¢,)) o [72 In,return o out]" o unfold(s;)
= {Cata-HyloFusionFM (Theorem 3)}
[r2 (13 ¢4), return o out]" o unfold(¢;)
= {Hylo-AnaFusionFM (Theorem 4)}
[r2(7s ¢,), returno "

Especially, to fuse the last two components, we instantiate Theorem 1 as follows:

T3 : VX. (LoCode, X — X ) — HiCode, (ModShp X) — ModShp X
fmapModShp(fold(<p4)) o fold(rs In) = fold(Ts ¢ )

The presence of ModShp in the type of 75 violates the requirement in traditional
fusion rules [26], which thus fail to fuse fold(rs In) with other catamorphisms.
But our fusion rules handle them properly, where ModShp corresponds to the
newly introduced functor G in Theorem 1.

We measure the execution time of a single iteration and the speedup in
Table 1. The benchmark is evaluated on a Windows 11 Pro with a 2.70 GHz Intel
Core 17-1265U CPU and 16GB RAM, running Ubuntu 22.04.5 LTS under WSL
2. It is compiled using GHC 9.4.8 with -02 flag. The execution time is evaluated
by the criterion benchmarking framework with default configurations. The
result indicates that our fusion transformations accelerate search iterations by a
factor of 2.15.
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Table 1. Execution times with fusion or without fusion

With Fusion Without Fusion Speedup

83.94 £ 0.32(s) 180.43 4 6.36(s) 2.15
1: for j =0tom/2—1do
2 let u = A[k + j];
3:  let t =mred(Alk + j +m/2] x Qo+ j]);
4: if (s mod 4 = 0) A (k+ j mod 2°! < 2°) then
5: Ak + j] + bred(u + t);
6: else
7 Alk+jl +—u+t;
8: endif
9:  if (s mod 4 =0) A (k+j +m/2 mod 2°T! < 27) then
10: Ak 4+ j +m/2] < bred(u — t);
11:  else
12: Alk+j5+m/2] +—u—t;
13:  end if
14: end for

Fig. 4. The innermost loop of our improved NTT implementation

4.3 Beyond the Search Results

Along with our development, we have come up with a further improvement for
lazy reductions. Thanks to the modularity of our construction, we verified the
soundness of the improvement without much effort.

Figure 4 shows the innermost loop of our improved implementation of NTT,
with all modifications to the best previous study [27] underlined. The mred(z)
denotes the csub-equipped Montgomery Reduction”, and the bred(z) denotes
the Barrett Reduction [15,27]. In the new implementation, we select A[i] that
will be used as w in the next iteration of the outer-most loop (by the underlined
condition), and only apply Barrett Reduction to them. Further technical details
are omitted due to space limitation.

Thanks to the modularity of our approach, we can reuse most of the compo-
nents in Section 4.2 to verify our new implementation. As shown in Figure 5, by
encoding our new implementation as a code generator fold(r; In), we can plug
it into the pipeline described in Section 4.2, replacing the modular-reduction
insertion component. And, as expected, our fusion rules can eliminate the inter-
mediate results in the new pipeline, yielding a one-pass Gen-Analyzer of hand-
optimized quality.

Table 2 shows the final result of our optimization, where our approach sig-
nificantly reduces the number of Barrett Reductions compared to previous stud-
ies [15,27]. The result shows that, the most conservative threshold (6°(x) = 4)

" The function csub is a straight-line program that conditionally subtracts the modu-
lus ¢ from its input. Concretely, csub(z) = z if z < g and csub(z) = x — ¢ otherwise.
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(1,0,0) Index- Improved Low-Level Interval IA
e Unrolling Implementation Compilation Analysis

Fig. 5. The pipeline for verifying our further improved implementation

Table 2. Numbers of modular reductions resulted from different strategies

Barrett Reduction Montgomery Reduction

Masuda & Kameyama [15] 6656 5120
Tokuda & Kameyama [27] 2048 5120
Ours (Conservative 6°) 2048 5120
Ours (Aggressive 6*) 1280 5120
Ours (Figure 4) 1024 5120

results in the same number of Barrett Reductions as that of the best previous
study [27], the result of our aggressive search algorithm 6* outperforms it, and
our new algorithm gives a drastic improvement.

5 Related Work

Shortcut fusion was initially introduced by Gill et al. as a lightweight yet effective
method to fuse folds (i.e., folds or catamorphisms) in Haskell [8]. Later, Takano
and Meijer generalized shortcut fusion to hylomorphisms, which provides a uni-
fied fusion framework for folds and unfolds over arbitrary tree structures [26].
Takano and Meijer’s work sparked a series of studies aimed at implementing
the fusion framework as a general optimization [7,9,20]. Beyond the standard
hylomorphism, researchers have devoted significant efforts to extend it to other
settings, such as allowing arbitrary functions in data types [18] and supporting
monadic effects [21,22]. Our research expands the scope of shortcut fusion to
the domain of metaprogramming.

Our generalization of fusion rules has been inspired by tagless-final style,
which is a methodology that offers a statically typed, highly modular approach
to defining domain-specific languages [3]. Although the tagless-final style was
not originally designed for fusion, there is a close affinity between the tagless-
final style and shortcut fusion for folds [8], which is also mentioned by Matsuda
et al. [16]. This affinity inspired us to generalize the fusion rules in Section 3.2;
the introduction of the functor G in Theorem 1, in particular, enables the fusion
of meta-programs that is valid in tagless-final style but invalid in traditional
shortcut fusion theory. In contrast to the tagless-final style, we base our approach
on hylomorphisms, taking into account the dual of folds and the monadic effects
necessary for advanced code generation.

Petrashko et al. implemented “miniphases” in Scala’s compiler, which fuse
separately defined program transformations into a single traversal. Their work
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is not based on recursion schemes, such as hylomorphism, and failed to guaran-
tee that “fusing phases does not change their behavior” [23]. By contrast, the
soundness of our framework can be formally proved by the free theorem [28].

6 Conclusion

We have proposed a methodology for modularly yet efficiently providing correct-
ness guarantees for the generated code in metaprogramming. We achieved this
by fusing independently defined code generators and analyzers into a one-pass
Gen-Analyzer, completely eliminating the intermediate code. We validated our
proposal by a case study, where our approach enabled the modular generation
of a highly optimized, verified implementation of NTT.

For future work, we plan to make use of this methodology and clarify the
boundaries of its applicability in metaprogramming. Based on the result, we are
interested in generalizing our work to other advanced recursion schemes that are
more suitable for metaprogramming.

Acknowledgments. We would like to thank Akimasa Morihata for his valuable com-
ments on related work. We are grateful to the anonymous reviewers for their insightful
feedback and constructive suggestions. This work was supported by JST SPRING,
Japan Grant Number JPMJSP2124.

Appendix

Proof (Theorem 1). Given a function g : VA. (FA — A) — B — GA, one can
derive the following theorem (the free theorem [28]) based on its parametricity.

fow=a'oFf = Gfoga=ga (5)

where f needs to be strict, i.e., f(L) = L, if arbitrary recursion is allowed.
Instantiating f to [p, 72, oute,|r, ry, g to Az. [T z,m,¢¥]r, F,, © to inp,, 2’ to
womny and F to Fg, f is strict due to the strictness of outr,, and the following
equation holds by the fixed point equation of hylomorphism’s definition.

[[QO, 12, OUtFSHF47F3 © inFB
=pomnol; [[Qaa 72, OUtF3HF4,F3 o outy, o ing, (6)
= (90 © 772) oF;3 H@v 2, OUtF3ﬂF47F3

meaning that the premise in equation (5) holds under this assignment. Conse-
quently, the conclusion in equation (5) holds as follows,

G[p, m2, 0utr, [, 7y 0 [T inpy, 71, Y[r, 7, = [T(Pon2),m, YR, r,  (7)
which is precisely the desired conclusion of the fusion rule. a

Theorems 2, 3 and 4 can be similarly proved by the parametricity of g :
VA. (A - FA) - GA - B, g : VA. (FA - A) - B — M(GA), and g :
VA. (A - FA) - GA — B, respectively. We omit those proofs due to space
limitation.
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